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for (j=jz1;j<=jz2;j++) { Loop over columns to be zeroed.
for (1=jml;1<=jm2;1++) { Loop over columns altered.
vx=c[ic] [1+loff] [kc];
for (i=izl;i<=iz2;i++) s[il[1] -= s[i] [j]l*vx; Loop over rows.
}
vx=c[ic] [jcf] [kcl;
for (i=izl;i<=iz2;i++) s[i] [jmf] -= s[i][j]l*vx; Plus final element.
ic += 1; =
b 5

“Algebraically Difficult” Sets of Differential Equations
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Relaxation methods allow you to take advantage of an additional opportunity that, while
not obvious, can speed up some calculations enormously. It is not necessary that the
of variablesy; i, correspond exactly with the dependent variables of the original differential
equations. They can be related to those variables through algebraic equations. Obviously,d
is necessary only that the solution variables allow ua/gbuate the functionsy, g, B, C that
are used to construct the FDEs from the ODEs. In some prokjefiepends on functions of
y that are known only implicitly, so that iterative solutions are necessary to evaluate function
in the ODEs. Often one can dispense with this “internal” nonlinear problem by defining
a new set of variables from which bothyg and the boundary conditions can be obtained
directly. A typical example occurs in physical problems where the equations require solutio
of a complex equation of state that can be expressed in more convenient terms using variab
other than the original dependent variables in the ODE. While this approach is analogous t
performing ananalytic change of variables directly on the original ODEs, such an analytic
transformation might be prohlbltlvely complicated. The change of variables in the relaxation:
method is easy and requires no analytic manipulations.
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17.4 A Worked Example: Spheroidal Harmonics
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The best way to understand the algorithms of the previous sections is to se
them employed to solve an actual problem. As a sample problem, we have selecte
the computation of spheroidal harmonics. (The more common name is spheroidaF :
angle functions, but we prefer the explicit reminder of the kinship with spherical
harmonics.) We will show how to find spheroidal harmonics, first by the method
of relaxation §17.3), and then by the methods of shooti§@7.1) and shooting
to a fitting point §17.2).

Spheroidal harmonics typically arise when certain partial differential
equations are solved by separation of variables in spheroidal coordinates. They
satisfy the following differential equation on the interval < x < 1:

2
% [(1 - :c?)%} + <)\ — 2% — 1m—) S=0 (17.4.1
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Herem is an integere is the “oblateness parameter,” akh the eigenvalue. Despite
the notation,c? can be positive or negative. Fef > 0 the functions are called
“prolate,” while if ¢? < 0 they are called “oblate.” The equation has singular points
atz = +1 and is to be solved subject to the boundary conditions that the solution be
regularatc = +1. Only for certain values of, the eigenvalues, will this be possible.

If we consider first the spherical case, whete 0, we recognize the differential
equation for Legendre function8!"(x). In this case the eigenvalues axg,, =
n(n+1), n = m,m+1,.... The integern labels successive eigenvalues for
fixed m: Whenn = m we have the lowest eigenvalue, and the corresponding
eigenfunction has no nodes in the interval < = < 1; whenn = m + 1 we have
the next eigenvalue, and the eigenfunction has one node ifisidd ); and so on.

A similar situation holds for the general case+ 0. We write the eigenvalues
of (17.4.1) as\,.»(c) and the eigenfunctions aS,,,(x;c). For fixedm, n =
m,m + 1,... labels the successive eigenvalues.

The computation ok, (¢) andS,,, (z; ¢) traditionally has been quite difficult.
Complicated recurrence relations, power series expansions, etc., can be foun
in reference$l-3]. Cheap computing makes evaluation by direct solution of the
differential equation quite feasible.

The first step is to investigate the behavior of the solution near the singular
pointsxz = +1. Substituting a power series expansion of the form

:dny

#2:-2/8-008-T ([0 10 WOD" U MMM/

S=(1 :I:x)o‘iak(lzl:a:)k (17.4.2
k=0

in equation (17.4.1), we find that the regular solution has m/2. (Without loss

of generality we can take: > 0 sincem — —m is a symmetry of the equation.)
We get an equation that is numerically more tractable if we factor out this behavior.
Accordingly we set

p 0} |rewa puas Jo ‘(Aluo eauBWY YUON) £2

S = (1—a%)m/?y (17.4.3

We then find from (17.4.1) thaj satisfies the equation

2

d d
(1- x2>d_x~g —2(m + 1)x£ +(u— )y =0 (17.4.4
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p=A—m(m+1) (17.4.5
Both equations (17.4.1) and (17.4.4) are invariant under the replacement® 2
x — —x. Thus the function$ andy must also be invariant, except possibly for an
overall scale factor. (Since the equations are linear, a constant multiple of a solution
is also a solution.) Because the solutions will be normalized, the scale factor can
only be+1. If n —m is odd, there are an odd number of zeros in the intérval 1).
Thus we must choose the antisymmetric solugj¢rz) = —y(x) which has a zero
atx = 0. Conversely, ifn — m is even we must have the symmetric solution. Thus
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Ymn(=2) = (=1)""" Ymn (2) (17.4.9
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and similarly for.S,,,,.
The boundary conditions on (17.4.4) require thdie regular at: = £1. In
other words, near the endpoints the solution takes the form

y=ag+a (1 —2%)+ay(l—z*)%+... (17.4.7

Substituting this expansion in equation (17.4.4) and letting 1, we find that

2

a1 = —ﬁao (17.4.8
Equivalently,
) p—c?
y'(1) = my(l) (17.4.9
A similar equation holds at = —1 with a minus sign on the right-hand side.

The irregular solution has a different relation between function and derivative at
the endpoints.

Instead of integrating the equation fronai to 1, we can exploit the symmetry
(17.4.6) to integrate from O to 1. The boundary condition at 0 is

y(0) =0, n —m odd
. (17.4.10

y'(0) = n —m even

A third boundary condition comes from the fact that any constant multiple
of a solutiony is a solution. We can thusormalize the solution. We adopt the
normalization that the functiofi,,,,, has the same limiting behavior " atx = 1:

lim (1 — 2)"™/28 0 (25 ¢) = lim (1 — 2%)"™/2P™ () (17.4.1)

rz—1 r—
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Various normalization conventions in the literature are tabulated by Flariiiner

Imposing three boundary conditions for the second-order equation (17.4.4);
turns it into an eigenvalue problem faror equivalently foru. We write it in the
standard form by setting
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Y1 =y (17.4.12
o (17.4.13
ys = (17.4.14

Then
Y1 =2 (17.4.15
yh = [2z(m + 1)y2 — (y3 — *2®)y1] (17.4.16

1— 22
v, =0 (17.4.17
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The boundary condition at = 0 in this notation is

y1 =0, m—m odd

(17.4.18
yo =0, m—m even
At x = 1 we have two conditions: z
5 £
Yys — ¢

_ 17.4.1
Y2 2(m + 1)y1 ( 9 %
1 _ 2\—m/2pm _ (_1)m(n+m)| — %
QL

We are now ready to illustrate the use of the methods of previous sectionsk, &

3TOW
2288
§323
SoE
233
270G
5583
2583
=2 N
2. 5o %
. 29 g’\;) 0o
on this problem. 23382
NoecoTD
- -
Relaxation 23483
If we just want a few isolated values afor S, shooting is probably the quickest 32 5872
. . Q = 0
method. However, if we want values for a large sequence of valuesrefaxation 2SS < -
is better. Relaxation rewards a good initial guess with rapid convergence, and thegg,g g m
previous solution should be a good initial guessig changed only slightly. 2 -;B o3
For simplicity, we choose a uniform grid on the interdak = < 1. For a _%g.@(g Q
total of M mesh points, we have 5%2%8
25T 2
h= 17.4.2 £2o=T
M-1 (742} 3§gas
834839
xp = (k—1)h, k=1,2,...,.M (17.4.22 %ggg%
o . . SR88S
At interior pointsk = 2,3, ..., M, equation (17.4.15) gives GZE26
8305
h 5522
Eiv=v1k—Y1 k-1 — E(yQ,k +y2,k-1) (17.4.23 Sp8Zo
23338
Equation (17.4.16) gives &B28 4
o o =
_ 385882
Es k= y2,6 — Y2,6—1 — Bk 56258
S2%wn
2N
(zr +ze-)(m+ Do +y2u1) _ (uetyaa)] (7423 5889
2 — G 2 z33%
338
- 3
where 25¢
2 2 B3
_ Ykt ysk—1 (e ap-1) (17.4.25 35S
b 2 4 - 53
h
B = (17.4.26

1— %(:ck + xk,1)2
Finally, equation (17.4.17) gives

Esk =Y.k — y3,k—1 (17.4.27
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Now recall that the matrix of partial derivativess ; of equation (17.3.8) is
defined so that labels the equation andthe variable. In our casg,runs from 1 to
3 fory; atk — 1 and from 4 to 6 fory; atk. Thus equation (17.4.23) gives

h
S1q = —1, Si12= —3 S13=0
. (17.4.28
S14=1, Si5 = —5 S1,6 =0
Similarly equation (17.4.24) yields
So1 = anfr/2, So0=—1—Br(zr +zx—1)(m+1)/2,
So3 = Be(Y1e +y1,k-1)/4 So4 =521,
S5 =24 S22, Sa6 = S2,3
(17.4.29
while from equation (17.4.27) we find
S31 =0, S30 =0, S33=—1
o 52 59 (17.4.30
S34 =0, S35 =0, S36 =1
At 2 = 0 we have the boundary condition
y1,1, n —modd
Esq = { ya1, m—meven (17.4.3)

Recall the convention adopted in thel vde routine that for one boundary condition

atk =1 only S5 ; can be nonzero. Alsg; takes on the values 4 to 6 since the

boundary condition involves only, noty;_;. Accordingly, the only nonzero
values ofS3 ; atz = 0 are

5374 =1, n —m odd

(17.4.32
S35 =1, n —m even
At z = 1 we have
2
Ys,m — €
E = - 17.4.3
1,M+1 = Y2,M 2(m+1) Yi,M ( 3
Espvv1 =y, — (17.4.34
Thus
2
Ya,m — € Y1,Mm

S1y=—"— Si1s5=1 Sie=——"— (17.4.35
1,4 2(m+ 1) ) 1,5 ) 1,6 2(m+ 1) ( )
52,4 =1, 5275 =0, 52,6 =0 (17.4.36)
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Here now is the sample program that implements the above algorithm. We

need amain program,sfroid, that calls the routineolvde, and we must supply

the functiondifeq called bysolvde. For simplicity we choose an equally spaced
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mesh ofn = 41 points, that ish = .025. As we shall see, this gives good accuracy
for the eigenvalues up to moderate values:of m.

Since the boundary condition at= 0 does not involvey, if n — m is even,
we have to use thendexv feature ofsolvde. Recall that the value afndexv [j]
describes which column af[i] [j] the variabley [j1 has been putin. Ih —m
is even, we need to interchange the columnsyfprandy, so that there is not a
zero pivot element ins [1] [j].

The program prompts for values of andn. It then computes an initial guess
for y based on the Legendre functid®™. It next prompts forc?, solves fory,
prompts forc?, solves fory using the previous values as an initial guess, and so on.

#include <stdio.h>
#include <math.h>
#include "nrutil.h"
#define NE 3
#define M 41
#define NB 1
#define NSI NE
#define NYJ NE
#define NYK M
#define NCI NE
#define NCJ (NE-NB+1)
#define NCK (M+1)
#define NSJ (2*NE+1)

int mm,n,mpt=M;
float h,c2=0.0,anorm,x[M+1];
Global variables communicating with difeq.

int main(void) /* Program sfroid */
Sample program using solvde. Computes eigenvalues of spheroidal harmonics Smn (z;c) for
m > 0 and n > m. In the program, m is mm, c¢? is c2, and ~ of equation (17.4.20) is anorm.
{

float plgndr(int 1, int m, float x);

void solvde(int itmax, float conv, float slowc, float scalv[],

int indexv[], int ne, int nb, int m, float **y, float *¥*c, float **s);

int i,itmax,k,indexv[NE+1];

float conv,deriv,facl,fac2,ql,slowc,scalv[NE+1];

float *ky ,koks, kkkC )

y=matrix(1,NYJ,1,NYK);
s=matrix(1,NSI,1,NSJ);
c=f3tensor(1,NCI,1,NCJ,1,NCK);
itmax=100;
conv=5.0e-6;
slowc=1.0;
h=1.0/(M-1);
printf ("\nenter m n\n");
scanf ("%d %d",&mm,&n) ;
if (n+tmm & 1) { No interchanges necessary.
indexv[1]=1;
indexv[2]=2;
indexv[3]=3;
} else { Interchange y1 and ya.
indexv[1]=2;
indexv[2]=1;
indexv[3]=3;
}
anorm=1.0; Compute ~.
if (mm) {
ql=n;

(5-80TEY-TZS-0 NESI) ONILNDNOD DIHILNTIOS 40 18V FHL :D NI STdIDTY TvOIYINNN woly abed sjdwes

‘aremyos sadioay [eauswnN Aq z66T-886T (D) WbuAdoD sweiboid 'ssald Ausianiun abpugwe)d Aq z66T-886T (D) WbLAdoD

‘(eauBWY YUON apisino) B1o abpugqued@AIasisnoloalip 0] [lewd puas Jo ‘(Ajuo eauawy YUON) £2¥/-2/8-008-T |[ed J0 Wod Ju mmm//:dny

81ISgaM NISIA ‘SINOHAD 10 s¥00q sadioay [edlswny 18pio o] ‘pangiyold Apois si ‘1eIindwod 1aaias Aue o1 (suo siyy Buipnjoul) saji a|jqepeal
-auiyoew Jo BuiAdoo Aue Jo ‘uononpolidal Jayund asn feuosiad umo Jiay) Joy Adod Jaded suo axew 0] s1asn 1oulalul o) pajuelB si uoissiwiad



778 Chapter 17.  Two Point Boundary Value Problems

for (i=1;i<=mm;i++) anorm = -0.5*anorm*(n+i)*(ql--/1);
}
for (k=1;k<=(M-1);k++) { Initial guess.
x[k]=(k-1) *h;
fac1=1.0-x[k]*x[k];
fac2=exp((-mm/2.0)*log(facl));
y[1] [k]=plgndr (n,mm,x [k])*fac2; P! from §6.8.
deriv = -((n-mm+1)*plgndr(n+1,mm,x[k])- Derivative of P;’* from a recur-
(n+1)*x [k]*plgndr (n,mm,x[k]))/facl; rence relation.
y [2] [k]=mm*x [k]*y [1] [k]/facl+deriv*fac2;
y [3] [k]=n* (n+1) -mm* (mm+1) ;
}
x[M]=1.0; Initial guess at = 1 done sep-
y[1] [M]=anorm; arately.

y [3] [M]=n* (n+1) -mm* (mm+1) ;
y[2] M1=(y[3] [MI-c2)*y[1]1 [M]1/(2.0% (mm+1.0));
scalv[1]=fabs(anorm) ;
scalv[2]=(y[2] [M] > scalv[1] 7 y[2][M] : scalv[1]);
scalv[3]=(y[31[M] > 1.0 ? y[3]1[M] : 1.0);
for (;;) {
printf ("\nEnter c**2 or 999 to end.\n");
scanf ("%f",&c2) ;
if (c2 == 999) {
free_f3tensor(c,1,NCI,1,NCJ,1,NCK);
free_matrix(s,1,NSI,1,NSJ);
free_matrix(y,1,NYJ,1,NYK);
return O;
}
solvde(itmax,conv,slowc,scalv,indexv,NE,NB,M,y,c,s);
printf("\n %s %24 %s %2d %s %7.3f %s %10.6f\n",

"m =",mm," n =",1’l," Cck%2 =",C2,
" lamda =",y [3] [1]+mm* (mm+1)) ;
} Return for another value of ¢2.
}
extern int mm,n,mpt; Defined in sfroid.

extern float h,c2,anorm,x[];

void difeq(int k, int k1, int k2, int jsf, int isl, int isf, int indexv[],

int ne, float **s, float *xy)

Returns matrix s for solvde.

{

float temp,templ,temp?2;

if (k == k1) { Boundary condition at first point.
if (ntmm & 1) {
s[3]1 [3+indexv[1]1]1=1.0; Equation (17.4.32).

s[3] [3+indexv[2]]=0.0;
s[3] [3+indexv[3]]=0.0;

s[3]1 [jsfl=y[1]1[1]; Equation (17.4.31).
} else {
s[3] [3+indexv[1]]1=0.0; Equation (17.4.32).

s[3] [3+indexv[2]]1=1.0;

s[3] [3+indexv[3]]=0.0;

s[31 [jsfl=y[2] [1]; Equation (17.4.31).
}

} else if (k > k2) { Boundary conditions at last point.
s[1] [3+indexv[1]] = -(y[3][mpt]l-c2)/(2.0%(mm+1.0)); (17.4.35).
s[1] [3+indexv[2]]=1.0;

s[1] [3+indexv[3]] = -y[1] [mpt]/(2.0%(mm+1.0));
s[1]1[jsfl=y[2] [mpt]-(y[3] [mptl-c2)*y[1] [mpt]l/(2.0%(mm+1.0)); (17.4.33).
s[2] [3+indexv[1]]1=1.0; Equation (17.4.36).

‘(eauBWY YUON apisino) B1o abpugqued@AIasisnoloalip 0] [lewd puas Jo ‘(Ajuo eauawy YUON) £2¥/-2/8-008-T |[ed J0 Wod Ju mmm//:dny
81ISgaM NISIA ‘SINOHAD 10 s¥00q sadioay [edlswny 18pio o] ‘pangiyold Apois si ‘1eIindwod 1aaias Aue o1 (suo siyy Buipnjoul) saji a|jqepeal

-auiyoew Jo BuiAdoo Aue Jo ‘uononpolidal Jayund asn feuosiad umo Jiay) Joy Adod Jaded suo axew 0] s1asn 1oulalul o) pajuelB si uoissiwiad

(5-80TEY-TZS-0 NESI) ONILNDNOD DIHILNTIOS 40 18V FHL :D NI STdIDTY TvOIYINNN woly abed sjdwes

‘aremyos sadioay [eauswnN Aq z66T-886T (D) WbuAdoD sweiboid 'ssald Ausianiun abpugwe)d Aq z66T-886T (D) WbLAdoD



17.4 A Worked Example: Spheroidal Harmonics 779

s[2] [3+indexv[2]]=0.0;
s[2] [3+indexv[3]]1=0.0;

s[2] [jsfl=y[1] [mpt]-anorm; Equation (17.4.34).
} else { Interior point.

s[1] [indexv[1]] = -1.0; Equation (17.4.28).

s[1] [indexv[2]] = -0.5%h;

s[1] [indexv[3]1]1=0.0;
s[1] [3+indexv[1]]=1.0;

s[1][3+indexv[2]] = -0.5%h; E
s[1] [3+indexv[3]]1=0.0; =
templ=x [k]+x[k-1]; %
temp=h/(1.0-templ*temp1*0.25); P
temp2=0.5% (y [3] [k]+y[3] [k-1])-c2*0.25%templ*templ; a
s[2] [indexv[1]]=temp*temp2+0.5; Equation (17.4.29). E)
s[2] [indexv[2]] = -1.0-0.5*temp* (mm+1.0)*templ; =)
s[2] [indexv[3]]1=0.25%temp* (y [1] [k]+y[1] [k-11); I
s[2] [3+indexv[1]]=s[2] [indexv[1]]; =
s[2] [3+indexv[2]1=2.0+s [2] [indexv[2]]; &
s[2] [3+indexv[3]]=s[2] [indexv[3]]; g
s[3] [indexv[1]]=0.0; Equation (17.4.30). N}
s[3] [indexv[2]11=0.0; N
s[3] [indexv[3]] = -1.0; N
s[3] [3+indexv[1]]1=0.0; =
s[3] [3+indexv[2]]1=0.0; S
s[3] [3+indexv[3]]=1.0; ;
s[1] [jsfl=y[1] [k]-y[1] [k-1]-0.5+h* (y [2] [k]+y[2] [k-11); (17.4.23). 5
s[2] [jsfl=y[2] [k]-y[2] [k-1]-temp* ((x [k]+x[k-1]) (17.4.24). 2

*0. 5% (mm+1.0)*(y[2] [k]+y[2] [k-1])-temp2 g

%05+ (y[1] [k]+y [1] [k-11)) ; 2
s[31[jsfl=y[3] [k]-y[3] [k-1]; Equation (17.4.27). =

¥ =
' ¢
3

You can runthe program and check it against valuesgf (c) givenin the tables f;,—’
at the back of Flammer’s bodk] or in Table 21.1 of Abramowitz and Stegi#i. 2
Typically it convergesin about 3 iterations. The table below gives a few Comparisons.§
@

8

Selected Output offroid ®

DY Asfroi 5

m o n c exact sfroid &

2 2 0.1 6.01427  6.01427 %

1.0 6.14095 6.14095 a

4.0 6.54250  6.54253 o

2 ) 1.0 30.4361  30.4372 %

16.0 36.9963 37.0135 z

4 11 —-1.0 131.560 131.554 ;::

g

Shooting

To solve the same problem via shootigd7.1), we supply a functioderivs
that implements equations (17.4.15)—(17.4.17). We will integrate the equations over
the range—1 < z < 0. We provide the functionoad which sets the eigenvalue
ys to its current best estimate,[1]. It also sets the boundary valuesof and
Y2 Using equations (17.4.20) and (17.4.19) (with a minus sign corresponding to
x = —1). Note that the boundary condition is actually applied a distaxctom
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780 Chapter 17.  Two Point Boundary Value Problems

the boundary to avoid having to evaluaté right on the boundary. The function
score follows from equation (17.4.18).

#include <stdio.h>
#include "nrutil.h"
#define N2 1

int m,n; Communicates with load, score, and derivs.
float c2,dx,gmma;

int nvar; Communicates with shoot.
float x1,x2;

int main(void) /* Program sphoot */
Sample program using shoot. Computes eigenvalues of spheroidal harmonics Sy (x;c) for
m >0 and n > m. Note how the routine vecfunc for newt is provided by shoot (§17.1).
{

void newt(float x[], int n, int *check,

void (*vecfunc) (int, float [], float []));

void shoot(int n, float v[], float f£[]);

int check,i;

float qil,*v;

v=vector(1,N2);

dx=1.0e-4; Avoid evaluating derivatives exactly at x = —1.
nvar=3; Number of equations.
for (5;) {

printf ("input m,n,c-squared\n");
if (scanf("%d %d %f",&m,&n,&c2) == EOF) break;

if (n <m || m < 0) continue;

gmma=1.0; Compute v of equation (17.4.20).
ql=n;

for (i=1;i<=m;i++) gmma *= -0.5*(n+i)*(ql--/1i);

v[1]=n*(n+1)-m* (m+1)+c2/2.0; Initial guess for eigenvalue.

x1 = -1.0+dx; Set range of integration.

x2=0.0;

newt (v,N2,&check,shoot) ; Find v that zeros function f in score.

if (check) {
printf ("shoot failed; bad initial guess\n");
} else {
printf ("\tmu(m,n)\n");
printf ("%12.6f\n",v[1]);
}
}
free_vector(v,1,N2);
return O;

}

void load(float x1, float v[], float y[])
Supplies starting values for integration at x = —1 + dx.

float y1 = (nm & 1 ? -gmma : gmma);
y[3]=v[1];

y[2] = -(y[3]-c2)*y1/(2*(m+1));
y[11=y1+y[2]*dx;

void score(float xf, float y[], float £[])
Tests whether boundary condition at x = 0 is satisfied.
{

f[1l=(a-m & 1 7 y[1] : y[2]);
}

(5-80TEY-TZS-0 NESI) ONILNDNOD DIHILNTIOS 40 18V FHL :D NI STdIDTY TvOIYINNN woly abed sjdwes

‘aremyos sadioay [eauswnN Aq z66T-886T (D) WbuAdoD sweiboid 'ssald Ausianiun abpugwe)d Aq z66T-886T (D) WbLAdoD

‘(eauBWY YUON apisino) B1o abpugqued@AIasisnoloalip 0] [lewd puas Jo ‘(Ajuo eauawy YUON) £2¥/-2/8-008-T |[ed J0 Wod Ju mmm//:dny

81ISgaM NISIA ‘SINOHAD 10 s¥00q sadioay [edlswny 18pio o] ‘pangiyold Apois si ‘1eIindwod 1aaias Aue o1 (suo siyy Buipnjoul) saji a|jqepeal
-auiyoew Jo BuiAdoo Aue Jo ‘uononpolidal Jayund asn feuosiad umo Jiay) Joy Adod Jaded suo axew 0] s1asn 1oulalul o) pajuelB si uoissiwiad



17.4 A Worked Example: Spheroidal Harmonics 781

void derivs(float x, float y[], float dydx[])
Evaluates derivatives for odeint.

{
dydx[1]=y[2];
dydx [2]=(2.0*x* (m+1.0) *xy [2] - (y [3] —c2*x*x) *y [1]1) / (1.0-x*x) ;
dydx[3]1=0.0;

}

Shooting to a Fitting Point

For variety we illustratehootf from§17.2 by integrating over the whole range
—1+4dx < x <1 — dz, with the fitting point chosen to be at= 0. The routine
derivs is identical to the one fathoot. Now, however, there are two load routines.
The routineload1 for x = —1 is essentially identical taoad above. Atr = 1,
load?2 sets the function valug, and the eigenvalug; to their best current estimates,
v2[1] andv2[2], respectively. If you quite sensibly make your initial guess of
the eigenvalue the same in the two intervals, thef1] will stay equal tov2[2]
during the iteration. The functioscore simply checks whether all three function
values match at the fitting point.

#include <stdio.h>
#include <math.h>
#include "nrutil.h"
#define N1 2
#define N2 1
#define NTOT (N1+N2)
#define DXX 1.0e-4

int m,n; Communicates with loadl, load2, score,
float c¢2,dx,gmma; and derivs.
int nn2,nvar; Communicates with shootf.

float x1,x2,xf;

int main(void) /* Program sphfpt */
Sample program using shootf. Computes eigenvalues of spheroidal harmonics Smn (z;c) for
m > 0 and n > m. Note how the routine vecfunc for newt is provided by shootf (§17.2).
The routine derivs is the same as for sphoot.
{

void newt(float x[], int n, int *check,

void (*vecfunc) (int, float [], float [1));

void shootf(int n, float v[], float f[1);

int check,i;

float ql,*vl,*v2,*v;

v=vector (1,NTOT) ;

vi=v;

v2 = &v[N2];

nvar=NTOT; Number of equations.

nn2=N2;

dx=DXX; Avoid evaluating derivatives exactly at x =
for (;;) { +1.

printf ("input m,n,c-squared\n");

if (scanf("%d %d %f",&m,&n,&c2) == EOF) break;

if (n <m || m < 0) continue;

gmma=1.0; Compute v of equation (17.4.20).
ql=n;

for (i=1;i<=m;i++) gmma *= -0.5%(n+i)*(ql--/1i);
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782 Chapter 17.  Two Point Boundary Value Problems

v1[1]=n*(n+1)-m* (m+1)+c2/2.0; Initial guess for eigenvalue and function value.
v2[2]=vi[1];
v2[1]=gmma* (1.0-(v2[2]-c2) *dx/(2*(m+1)));

x1 = -1.0+dx; Set range of integration.

x2=1.0-dx;

x£f=0.0; Fitting point.

newt (v,NTOT, &check,shootf) ; Find v that zeros function f in score.

if (check) {
printf ("shootf failed; bad initial guess\n");
} else {
printf ("\tmu(m,n)\n");
printf("%12.6f\n",v[1]);
}
}
free_vector(v,1,NTOT);
return O;

}

void loadi(float x1, float vi[], float y[])
Supplies starting values for integration at x = —1 + dx.

float y1 = (n-m & 1 ? -gmma : gmma);
y[31=vi[1];
y[2] = -(y[3]-c2)*y1/ (2% (m+1));
y[1]1=y1+y[2] *dx;

}

void load2(float x2, float v2[], float y[])
Supplies starting values for integration at x = 1 — dx.

y[3]1=v2[2];
y[1]1=v2[1];
y[2]1=(y[3]1-c2)*xy[1]/ (2% (m+1));

void score(float xf, float y[], float £[])
Tests whether solutions match at fitting point x = 0.
{

int i;

for (i=1;i<=3;i++) f[il=y[i];

CITED REFERENCES AND FURTHER READING:
Flammer, C. 1957, Spheroidal Wave Functions (Stanford, CA: Stanford University Press). [1]

Abramowitz, M., and Stegun, |.A. 1964, Handbook of Mathematical Functions, Applied Mathe-
matics Series, Volume 55 (Washington: National Bureau of Standards; reprinted 1968 by
Dover Publications, New York), §21. [2]

Morse, P.M., and Feshbach, H. 1953, Methods of Theoretical Physics, Part Il (New York: McGraw-
Hill), pp. 1502ff. [3]
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17.5 Automated Allocation of Mesh Points 783

17.5 Automated Allocation of Mesh Points

In relaxation problems, you have to choose values for the independent variable at the
mesh points. This is calledllocating the grid or mesh. The usual procedure is to pick
a plausible set of values and, if it works, to be content. If it doesn’'t work, increasing the
number of points usually cures the problem.

If we know ahead of time where our solutions will be rapidly varying, we can put more g
grid points there and less elsewhere. Alternatively, we can solve the problem first on a uniforng
mesh and then examine the solution to see where we should add more points. We then rep
the solution with the improved grid. The object of the exercise is to allocate points in such2
a way as to represent the solution accurately. 3

It is also possible to automate the allocation of mesh points, so that it is done3
“dynamically” during the relaxation process. This powerful technique not only improves 5
the accuracy of the relaxation method, but also (as we will see in the next section) allow
internal singularities to be handled in quite a neat way. Here we learn how to accomplis
the automatic allocation.

We want to focus attention on the independent variablend consider two alternative
reparametrizations of it. The first, we tegnthis is just the coordinate corresponding to the
mesh points themselves, so that 1 atk = 1, ¢ = 2 atk = 2, and so on. Between any two
mesh points we havAg = 1. In the change of independent variable in the ODEs fiotm g,

dy

I} Stgepea)

W

Peo 1o
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du =g (17.5.9
becomes p g
dy i
0~ Y (17.5.2

In terms ofg, equation (17.5.2) as an FDE might be written

1 dz dx
I =1 +(g= =0 17.5.
Ye = Yi-1 7 3 {(gdq>k (gdq>kj ( 3

or some related version. Note that/dq should accompang. The transformation between
x and ¢ depends only on thdacobian dx/dq. Its reciprocaldg/dx is proportional to the
density of mesh points.

Now, given the functiory(z), or its approximation at the current stage of relaxation,
we are supposed to have some idea of how we want to specify the density of mesh poin
For example, we might wanlg/dx to be larger wherg is changing rapidly, or near to the
boundaries, or both. In fact, we can probably make up a formula for what we would like
dq/dx to be proportional to. The problem is that we do not know the proportionality constant.
That is, the formula that we might invent would not have the correct integral over the wholef
range ofr so as to make vary from1 to M, according to its definition. To solve this problem
we introduce a second reparametrizatipy), where@ is a new independent variable. The
relation betweer) andgq is taken to bdinear, so that a mesh spacing formula @@ /dx
differs only in its unknown proportionality constant. A linear relation implies

AdasIsnojoalIp O] |rewa puss Jo
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d’Q
or, expressed in the usual manner as coupled first-order equations,
dQ(x) _ dy _
A P Q- 0 (1755

where) is a new intermediate variable. We add these two equations to the set of ODEs
being solved.

Completing the prescription, we add a third ODE that is just our desired mesh-density
function, namely

_4Q _ dQdq

Pla)= "= dq de (17.5.6
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